Abstract. Let Bo(T, τ ) be the Borel σ-algebra generated by the topology τ on T . In this paper we show that if K is a Hausdorff compact space, then every subset of K is a Borel set if, and only if, Bo(C * (K), w * ) = Bo(C * (K), · ); where w * denotes the weak-star topology and · is the dual norm with respect to the sup-norm on the space of real-valued continuous functions C(K). Furthermore we study the topological properties of the Hausdorff compact spaces K such that every subset is a Borel set. In particular we show that, if the axiom of choice holds true, then K is scattered.
Introduction
Due to the presence of several important topologies on a Banach space it is natural to ask if there is any relationship between the Borel σ-algebras generated by these different topologies. Many authors have studied the relationship between the Borel sets generated by the weak topology and the one generated by the norm topology (see for example [2, 3, 14, 17] ) and have found various conditions for the coincidence of this two classes. In particular it is shown that the coincidence of the above σ-algebras is related to the existence of special types of equivalent norms (see [7, 8, 9, 13, 14, 17] , for a study of these types of equivalent renormings).
The subject of this paper is to understand the topology of a compact space K such that the weak-star and norm Borel structure of C * (K) agree.
Notations and preliminaries
A family N of subsets of a topological space (T, τ ) is a network for T if for every point t ∈ T and every neighbourhood U of t there exists N ∈ N such that t ∈ N ⊆ U (see [5] for more informations). We remark that the definition of network differs form the definition of basis of a topological space, indeed it is not required for the sets of a network to be open.
We will denote by P (X) the power set of a set X. Let τ be a topology on the set T , then we will use the symbol Bo(T, τ ) to denote the Borel σ-algebra generated by the topology τ on T , while we will denote with Ba(T, τ ) the Baire σ-algebra, i.e. the smallest σ-algebra with respect to which all the τ -continuous real-valued functions are measurable. Finally the symbol Ba p (T, τ ) will denote the σ-algebra of the sets with the Baire property in (T, τ ), i.e. all sets of the form U ∆M , where U is open and M is of first category (see [15, Theorem 4.1] ).
Given two topological spaces (X, τ X ) and (Y, τ Y ), then a map F : X → P (Y ) is said to be upper semicontinuous at a point x ∈ X (usc at x, for short) if, for every open set V containing F (x), there exists a neighbourhood U of x such that
We say that F is upper semicontinuous (usc, for short) if it is upper semicontinuous at x for every point x ∈ X. We say that a map F is usco if it is usc and takes non-empty compact values.
We will denote by ℵ 0 and c the cardinality of the set of the natural numbers and of its power set, respectively. We will use the symbol ω 1 to denote the first uncountable ordinal.
The main results
Throughout this section (K, τ ) will denote a Hausdorff compact space and C(K) the space of real-valued continuous functions on K endowed with the sup-norm. In the main theorem we prove that, if Bo(C
Proof. It is a well known fact that (K, τ ) is homeomorphic to (K 0 , w * ), where K 0 = {δ k | k ∈ K}, the set of the Dirac measures concentrated in k ∈ K. So K 0 is a compact subset of (C * (K), w * ) and, in particular, it is closed with respect to the weak topology.
We claim that K 0 is discrete with respect to the weak topology. Indeed consider the family of functions A = {f k : K → R | k ∈ K} defined as follows
For every k ∈ K, f k is a Borel function and can be seen as an element of C * * (K) in the following way:
Observe that
So K 0 is discrete and closed with respect to the weak topology, which implies that Bo(K 0 , w) = P (K 0 ). Finally if it holds that Bo(C * (K), w * ) = Bo(C * (K), w), then Bo(K 0 , w * ) = Bo(K 0 , w) = P (K 0 ), a contradition.
We are now interested in the topological properties of compact spaces K such that every subset of K is a Borel set. As one may expect this properties are strictly related to some set-theoretic axioms.
Proposition 3.2. Let the continuum hypothesis hold true and let (X, τ ) be a Hausdorff space with a countable network. If every subset of X is a Borel set, then X is finite or countable.
Proof. By [10, paragraph 4A3F], |Bo(X, τ )| ≤ c. We have
By the continuum hypothesis follows that |X| ≤ ℵ 0 , since c = 2 ℵ0 . 
where K * (K) is the colletion of of all compact non-empty subset of K. F is a compact and non-empty valued multifunction, and recalling that for every B ∈ P ([0, 1])
and that continuous function from a compact space to an Hausdorff space are closed (see [5, pag . 169]), we obtain that F is an usco map. Since [0, 1] is a compact second countable space, in particular a Baire space, and K is a completely regular space (see [5, pag. 196 ]) we can apply [11, Theorem 6] and get
We claim that f 0 is injective. Indeed if x, y ∈ [0, 1] and f 0 (x) = f 0 (y), then f 0 (x) ∈ f −1 (x) and f 0 (y) ∈ f −1 (y). But we know that f −1 (x) ∩ f −1 (y) = ∅, so x = y. Recalling that for injective function it holds f One may think that a space with only Borel subsets should be meager, but by [19] the existence of a measurable cardinal is equiconsistent with the existence of a non-meager T 4 space with no isolated point in which every subset is the union of an open and a closed set. Remark 3.5. By [18, Corollary 4.4] C * (K) admits a w * -Kadets norm if, and only if, K is a countable union of relatively discrete subsets, so every subset of K is a Borel set. But if we assume the Martin axiom and the negation of the continuum hypothesis, then there exists an uncountable subset X of R such that every subset of X is a relative F σ , see [12] . In particular if we consider the one-point compatification α(X) of X, then every discrete subset of α(X) is countable. So α(X) is not the countable union of relative discrete subsets.
